Abstract. For finite semidistributive lattices the map κ gives a bijection between the sets of completely join-irreducible elements and completely meetirreducible elements.
Introduction
In this paper we study the lattice theoretic map κ and its relations to various representation theoretic notions in the lattices of torsion classes over finite dimensional algebras.
Recall that a lattice (or lattice-poset) is a poset in which each pair of elements has a unique smallest upper bound (called the join) and a unique greatest lower bound (called the meet). We focus on a special class of lattices called semidistributive lattices; they satisfy a semidistributive law which is a weakening of the distributive law (Definition 2.1.1). Semidistributive lattices arise in algebraic combinatorics as the weak order on a finite Coxeter group (Example 2.3.4), in number theory as the divisibility poset (Example 2.3.5), and in representation theory as the lattice of torsion classes.
Fundamental to the study of finite semidistributive lattices is a certain function which we denote here as κ, which maps completely join-irreducible elements to completely meet-irreducible elements (for precise definitions see Definition 2.3.1).Actually for finite lattices, κ is bijection precisely when the lattice is semidistributive [9, Corollary 2.55] . In order to define κ-map we need the following characterization of completely join-irreducible elements: j is completely join-irreducible if and only if there is unique element j˚covered by j. (See Definition 2.3.2 for the definition of cover relations.) Similarly, m is completely meet-irreducible if and only if there is unique element m˚which covers m. Following [9] , we define the κ-map by using the above characterization of completely join-irreducible elements. Definition 1.0.1. Let j be a completely join-irreducible element of a lattice L, and let j˚be the unique element covered by j. Define κpjq to be:
κpjq :" unique maxtx P L : j˚ď x and j ď xu, when such an element exists.
In this paper we concentrate on tors Λ, the lattice of torsion classes. Throughout the paper, Λ is a finite dimensional algebra; any additional assumptions on the algebra Λ will be explicitly stated. A torsion class T is a subcategory of mod Λ which is closed under isomorphisms, quotients, and extensions. We write tors Λ for the poset whose elements are torsion classes ordered by: T ď S precisely when T Ď S. Observe that for two torsion classes T and S (not necessarily comparable), T^S " T X S and T _ S " F iltpT Y Sq. It is well-known that tors Λ is a complete semidistributive lattice [8, 10] .
In our first main result we explicitly compute κ for the lattice of torsion classes. Hence, κ is well-defined, even though tors Λ may be infinite. We use the fact the map M Þ Ñ T M " F iltpGenpMis a bijection from the set of isoclasses of bricks to the set of completely join-irreducible torsion classes CJIptors Λq (see [6, Theorem 1.0 
.3]).
Finite semidistributive lattices are analogous to the unique factorization domains of ring theory. Each element x P L has a unique "factorization" in terms of the join operation which is irredundant and lowest, called canonical join representation and denoted by x " CJRpxq " Ž A (see Definition 2.2.1). Dual notion is canonical meet representation, denoted by x " CMRpxq " Ź B. For finite semidistributive lattices, the map κ has the pleasant property of respecting factorizations, i.e. κ maps elements of any canonical join representation to the elements of some canonical meet representation, i.e. p Ź κpjq : j P CJRpxqq " pCMRpyqq for some y P Lq. With this fact in mind, we make the following definition ofκ-map, which is an extension of the κ-map to possibly infinite semidistributive lattices and also to the larger class of elements (not just completely join-irreducible elements). Definition 1.0.3. Let L be a (possibly infinite) semidistributive lattice. Let x be an element which has a canonical join representation such that κpjq is defined for each j P CJRpxq. Defineκ
It is clear that this generalizedκ will not exist in general. In particular, if any j P CJRpxq is not completely join-irreducible, thenκpxq is not defined. However when it does exist it has quite nice properties, which we show in the next statements for the lattices of torsion classes.
Proposition B (Corollary 4.4.9). Let Λ be a finite dimensional algebra. Let T be a torsion class which has a canonical join representation of the following form:
CJRpT q " Ž αPA T Mα , where M α are Λ-bricks. ThenκpT q is defined and is of the form:
In order forκ to be defined as in this proposition, it is important that the torsion class T has this nice canonical join representation. This will be important in the next theorem as well, so we define the following subset of torsion classes: tors 0 pΛq :" tT : CJRpT q " ł αPA T Mα where tM α u αPA is a set of Λ-bricksu.
In the next theorem, we consider the compostions ofκ. First note that in a semidistributive lattice L, even ifκpxq exists,κpκpxqq is not necessarily defined sinceκpxq might not be in tors 0 pΛq. (See Example 4.4.6) When Λ is τ -tilting finite, the lattice tors Λ is finite [13] and soκ n is well-defined in that case sincē κ : L Ñ L is a bijection for finite semidistributive lattices. We will concentrate on hereditary finite dimensional algebras, where the structure of module categories is very well understood. Let H be a hereditary finite dimensional algebra. We show thatκ sends functorially finite torsion classes to functorially finite torsion classes (Corollary 5.4.3). Hence,κ n is well defined for functorially finite torsion classes for hereditary algebras.
We let τ denote Auslander-Reiten translation. Our next result relatesκ-map to the Auslander-Reiten translation for hereditary algebras.
Theorem C (Corollary 6.0.3). Let H be a hereditary finite dimensional algebra and M a brick such that T M is functorially finite. Then
Hereτ´1M " τ´1M for non-injective modules M andτ´1IpSq " P pSq where IpSq and P pSq are the injective envelope and projective cover of the same simple S.
Our final theorem shows that theκ-map on torsion categories is essentially Ringel's ǫ-map on the wide subcategories. In [18] , Ringel defined a map ǫ : wide H Ñ wide H which generalizes a well-studied automorphism of the noncrossing partition lattice to the setting of wide subcategories when H is hereditary.
ǫpWq :" K0,1 W where
For this relation, we use α : tors H Ñ wide H which is defined as αpT q :" tX P T : @pg : Y Ñ Xq P T , kerpgq P T u. [12, 11, 18] . Under this isomorphism, the inverse of Ringel's map ǫ (called δ in [18] ) is equal to a classical lattice automorphism known as the Kreweras complement, which we write here as Kr : NWpW q Ñ NWpW q. Theorem D implies thatκ´1 is essentially equal to Kr. The combinatorics of the Kreweras complment are well-studied. For example, Kr 2h is equal to the idendity, where h is the Coxeter number of W . For any order O we have 1 |O|
where |P | is the number parts in P , and r is the number of simples in Λ.
The paper is organized in the following way: In Section 2 we review the necessary lattice-theoretic background. In Section 3 we review torsion classes, and a useful labeling of the cover relations in tors Λ by minimal extending modules. In Section 4 we explicitly compute κ andκ . Finally, in Section 5, we prove our main results relating κ to wide subcategories.
Lattice Background
In this section we fill in the necessary background material on lattices. We recall basic definitions, examples, computations and facts about: complete semidistributive lattices, canonical join and meet representations, completely join-irreducible and meet-irreducible elements. 
Let L be the Divisibility Poset, whose elements are the positive integers N ordered x ă y whenever x|y. Observe that x _ y " lcmpx, yq and x^y " gcdpx, yq. However, L is not complete. Indeed there is no largest element 1. Observe that the join and meet operations distribute: x_py^zq " px_yq^px_zq and x_py^zq " px^yq_px^zq for all x, y, z P Z ą0 . Therefore L is semidistributive but not complete.
In this paper we will mostly focus on complete semidistributive lattices since it is well-known that tors Λ is a complete semidistributive lattice [8, 10] .
Canonical Join and Meet Representations: CJR and CMR.
Here we review the definition of join representations, canonical join representations, and we make the connection to semidistributivity.
A join representation of an element x P L is an expression Ž A " x. We say that the join-representation is irredundant provided that Ž A 1 ă x for each proper subset of A. We partially order the set of irredundant join representations of x as follows: Say that Ž A is "lower" than Ž B provided that for each a P A there is some element b P B such that a ď b. Figure 5 . Observe that both addpS 1 , P 1 q _ addpS 2 q " mod Λ " addpS 1 q _ addpS 2 q are join representations for mod Λ. However the torsion class addpS 1 q is "lower" than addpS 1 , P 1 q. Therefore addpS 1 q _ addpS 2 q is the canonical join representation for mod Λ.
In the lattice of wide subcategories, as in Figure 5 , the canonical join representation of mod Λ does not exist because there is not a unique lowest join representation.
Remark 2.2.6. When L is an infinite semidistributive lattice, the canonical join representation or the canonical meet representation may not exist, even when L is additionally a complete lattice. For example, consider the lattice depicted in Figure 1 . Each dashed line in the figure represents an infinite chain of elements, none of which cover0 nor are covered by1. Observe that L is both complete and semidistributive, however the canonical join representation of the top element of L does not exist and the canonical meet representation for the bottom element does not exist.ˆ1ˆ0 
Completely Join and Meet-Irreducible elements CJI and CMI.
Definition 2.3.1. An element j P L is join-irreducible if whenever j " Ž A and A is finite then j P A. We say that j P L is completely join-irreducible if whenever j " Ž A then j P A. Completely meet-irreducible elements are defined dually. By convention, we set the empty join to be0, and hence0 is not join-irreducible or completely join-irreducible. Similarly,1 is not meet-irreducible or completely meet-irreducible. Definition 2.3.2. An element y covers x if y ą x and there is no z such that y ą z ą x. In this case we also say that x is covered by y, and we use the notation yą x. The pair px, yq is called a cover relation. Remark 2.3.3. Notice that an element j is completely join-irreducible if it covers precisely one element which we write as j˚.
We write CJIpLq (respectively CMIpLq) for the set of completely join-irreducible elements of L (completely meet-irreducible elements of L).
Here we illustrate the above notions on the three well known examples of lattices: the weak order on the symmetric groups S n , divisibility poset, and the poset of torsion classes for finite dimensional algebras tors Λ. Example 2.3.4. Write each permutation as a word a " a 1 a 2 . . . a n where a i represents apiq for each i P t1, 2, . . . , nu. In the weak order on S n , we move up by a cover relation by finding a pair of entries a i ă a i`1 which are increasing in value and consecutive in position and we swap them out of order. For example, let a " 213 in S 3 . Observe that a 2 " 1 ă 3 " a 3 . Swapping these two entries out of order we obtain the permutation 231. We display the Hasse diagram for S 3 in Figure 2 . In this example, each join-irreducible element is also completely join-irreducible because our lattice is finite. There are four (completely) join-irreducible elements and they are 213, 132, 231 and 312. Example 2.3.5. Let L be the divisibility poset as in Example 2.1.2. An element x is completely join-irreducible if and only if x " p n where p is prime and n is a positive integer. Note that if p is prime then pxą x. Therefore, none of the elements of L are completely meet-irreducible (because each positive integer is covered by infinitely many elements).
Example 2.3.6. Let Λ be an artin algebra, and let tors Λ be the poset of torsion classes of Λ ordered T ď S whenever T Ď S. It is well-known that tors Λ is a complete lattice with T^S " T X S and T _ S " F iltpT Y Sq. We use the following theorem throughout the paper. Proposition 2.3.9. Let CJRpxq " Ž A be the canonical join representation of x. Then every a P A is join-irreducible.
Proof. Suppose there is some a P A that is not join-irreducible. Then a " Ž A 1 , where
is a lower join representation. We now create an irredundant lower join representation of x.
First, observe that for any b P Aztau we have
The last equality and inequality follow from the fact that Ž A is irredundant. Therefore, the only way
uq is irredundant. This is possible because A 1 is finite. Thus we obtain an irredundant join representation of x that is lower than the one we started with. Remark 2.3.10.
(1) However in the canonical join representation CJRpxq " Ž A, a P A may not be completely join-irreducible. For example, let lattice L be defined bŷ 0 " a 0 ă a 1 ă . . .1, where1 is greater than a i for all i, but1 does not cover any elements. Then CJRp1q "1. However1 is not completely join irreducible since1 " Ž ta i |i ě 0u, but1 ‰ a i , @i. (2) In this paper we further focus on the canonical join representations of torsion classes over finite dimensional algebras in which each element of CJRpT q is completely join-irreducible. For example, we do not want to consider torsion classes consisting of all preinjective modules over a finite dimensional hereditary algebra of infinite representation type. See example 4.4.6 below. (3) Notice, in general, if j is completely join-irreducible then CJRpjq " tju.
Labeling Cover Relations.
To compute the canonical join representation of an element x P L (when it exists) we focus on the cover relations y ă x. The following proposition is essentially a combination of [5, Lemma 3.5 and Proposition 3.6], but we provide a short proof here for completion.
Proposition 2.4.1. Let x P L and assume that for each element z ă x there is some y such that z ď y ă x. Further, suppose that for each cover relation y ă x there exists a unique smallest element ηpyq in the set tw P L : w _ y " xu. Then
Proof. Write A for the set tηpyq : y ă xu. First we show that Ž A is a join representation of x. If Ž A ă x then there is some y such that Ž A ď y ă x. Then ηpyq ď y, and that contradicts the definition of ηpyq. Therefore Ž A " x. Second, we show Ž A is irredundant. Let y be any element covered by x. We claim that Ž Aztηpyqu ď y. Observe that for any y 1 ‰ y that is covered by x satisfies y 1 _ y " x. Therefore ηpy 1 q ď y. It follows that Ž Aztηpyqu ď y. Therefore Ž A is irredundant. Now suppose that Ž B is another irredundant join representation of x. Since Ž B is irredudant, for each b P B we have Ž Bztbu ă y for some y ă x. Thus b ď y. Therefore b _ y ą y. Among all upper bounds for y, we see that x is the smallest element that is also greater than b (because xą y). Therefore y _ b " x, and hence ηpyq ď b. We conclude that Ž A is the "lowest" irredundant join representation of x.
In applying Propositition 2.4.1, we visualize the elements ηpyq as labeling the cover relation y ă x.
See Example 3.3.1.
Corollary 2.4.2. Let η be the map as defined in the above Proposition 2.4.1.
(1) Let j be a completely join irreducible element in a lattice L. Then ηpjq " j.
(2) Consider the lattice tors Λ. Let
Proof.
(1) Since j P L is completely join irreducible, let ją j˚be the only cover relation below j. Then the only i P L satisfying i _ j˚" j is i " j. So ηpjq " j.
(2) Since T M " F iltpGenpMP tors Λ is completely join irreducible, as stated in Theorem 2.3.7, it follows from (1) that ηpT M q " T M .
3. Torsion Classes Background 3.1. Torsion pairs. In this section we recall the definition of a torsion pair. Throughout the section Λ is a finite dimensional algebra. Denote by mod Λ the category of finitely generated modules over Λ. We will use the following standard notations for various full subcategories of the category of mod Λ.
Definition 3.1.1. A pair pT , F q of full subcategories of mod Λ is a torsion pair if each of the following holds:
A full subcategory T is a torsion class if and only if pT , T K q is a torsion pair [3, Proposition V.I.1.4].
Remark 3.1.2. Suppose that T and S are torsion classes. Observe that T Ď S if and only if S K Ď T K . We write torf Λ for the lattice of torsion-free classes ordered by containment. It follows immediately that the lattices tors Λ and torf Λ are anti-isomorphic.
For each torsion pair pT , F q and each module M P mod Λ there is a canonical short exact sequence
We will use this fact in Section 5.1 to make an important connection to the wide subcategories of Λ.
Minimal inclusions of torsion classes.
In this section we consider minimal inclusions of torsion classes. Each minimal inclusion is cover relation or an edge in the Hasse diagram for the poset tors Λ. We review a certain labeling of these edges by brick modules introduced independently in [2, 6, 8] . For any set M of mod Λ , we write F iltM for the set of modules M such that there is a sequence of submodules 0 Figure 3 . We label edges of the lattice tors A 2 (of the hereditary algebra kA 2 ) with the corresponding minimal extending modules.
The notion of minimal extending module for torsion classes can be dualized to minimal co-extending module for torsion-free classes. Remark 3.2.5. Recall that a class of indecomposable modules X is said to be closed under taking quotients, if for any N P X , every summand N 1 of a quotient of N also belongs to X .
(1) Let S be a class of indecomposable modules closed under taking quotients.
Then F iltpSq is a torsion class. (2) Let S be a class of indecomposable modules closed under taking quotients and let M be a module such that all factors of M are in S. Then F iltpSYM q is a torsion class.
Remark 3.2.6. Property (P3') implies that if M is a minimal coextending module for the torsion-free class T K , then M P T .
3.3.
Labeling Cover Relations for Torsion Classes. In applying Propositition 2.4.1, we visualize the elements ηpyq as labeling the cover relation xą y.
In Figure 4 we display an example for the lattice of torsion classes of type A 2 .
0
T S1 Figure 4 . We label edges of tors A 2 according to Proposition 2.4.1.
Example 3.3.1. Let Λ be the hereditary algebra of type A 2 with quiver 1 Ñ 2. In Figure 4 we label the edges of tors Λ according to Proposition 2.4.1. For example, consider T :" addpS 1 , P 1 q which covers Y :" addpS 1 q. Observe that T " F iltpGenpP 1is completely join-irreducible, so the only S in tors Λ satisfying S _ Y " T is T itself. Therefore we label the edge below T with T P1 . Recall that the canonical join representation of mod Λ is F iltpGenpS 1_ F iltpGenpS 2 qq. Indeed, T S1 and T S2 label the edges below mod Λ.
Observe that the labeling in Figure 4 becomes the same as the labeling by minimal extending modules from Figure 3 when one identifies M and T M . The next proposition says that this happens in general. To see the second hypothesis, let M i be the minimal extending module corresponding to the cover relation Y i ă T . We claim that T Mi is the smallest torsion class in the set tW P tors Λ : W _ Y i " T u. Let S be another torsion class with S _ Y i " T . Then S Ď T and S Ĺ Y i , so there is some N P SzY i . [6, Proposition 2.2.4] implies that M i is a factor of N . Therefore M i P S and T Mi ď S (because T Mi is the smallest torsion class containing M i ). This proves our claim. By Proposition 2.4.1, CJRpT q " κ˚pmq :" unique mintx P L : x ď m˚and x ď mu, when such an element exists.
Let CJIpLq denote the set of completely join-irreducible elements of L, and let CMIpLq denote the set of completely meet-irreducible elements in L. When L is finite, then it is semidistributive if and only if κ is a bijection from CJIpLq to CMIpLq with inverse κ˚[9, Corollary 2.55]. The main goal of this paper is to give a representation-theoretic interpretation for κ when L is the lattice of torsion classes tors Λ (even when the lattice of torsion classes tors Λ is infinite). Figure 5 is semidistributive. We verify that κ : CJIptors Λq Ñ CMIptors Λq is a bijection. We will check that κpaddpS 2" addpS 1 , P 1 q. Note that addpS 2 q is completely joinirreducible because it covers precisely one element 0. Since addpS 1 , P 1 q is largest torsion class such that 0 ď addpS 1 , P 1 q and addpS 2 q ď addpS 1 , P 1 q, it follows that κpaddpS 2" addpS 1 , P 1 q. Similarly κpaddpS 1" addpS 2 q and κpaddpS 1 , P 1" addpS 1 q.
On the other hand, the map κ is not well-defined on the lattice of wide subcategories for Λ. If we try to compute κpaddpS 1we see that there are two incomparable maximal elements which contain the wide subcategory 0, and do not contain addpS 1 q. Indeed, the lattice of wide subcategories of Λ is not semidistributive.
Our first result says that κ is well-defined even when the lattice of torsion classes tors Λ is infinite. In the statement below we let T M denote the torsion class F iltpGenpM qq. We note that the map M Þ Ñ T M is a bijection from isoclasses of bricks to CJIptors Λq, completely join-irreducible torsion classes. See Theorem 2.3.7 and Example 2.3.6.
The Kappa Map and Minimal Extending Modules.
In this section, we consider arbitrary finite dimensional algebras and prove Theorem A, i.e. that the combinatorially defined κ-map (Definition 4.1.1), when restricted to completely join-irreducible torsion classes, has a very nice representation theoretic interpretation as the Hom-orthogonal operation.
We begin with a useful lemma relating minimal extending modules and naturally associated torsion classes obtained by taking Hom-orthogonal subcategories. Recall that MEpT q is the set of isoclasses of minimal extending modules of T . 
(1) It is clear that K M is closed under quotients and extensions. Therefore it is a torsion class. 
Applying the lattice anti-isomorphism p´q K : tors Λ Ñ torf Λ, we get pT M q˚ď K M . This proves our claim.
Let S be any torsion class satisfying
We claim that S ď K M . The first item implies that every proper factor of M is in S (because every proper factor of M is in pT M q˚; see Remark 2.3.8). The second item implies that M R S. Since S is closed under extensions, we conclude that M P S K . Therefore F ilt Cogen M ď S K . As in the previous paragraph, we conclude that S ď K M . Therefore κpT M q " K M . It is clear that κ is one-to-one. Part 2 of Lemma 4.2.1 implies that each completely meet-irreducible torsion class is K M for some brick M . Therefore κ is also surjective. For an infinite semidistributive lattice L,κ is not necessarily defined for all elements x P L. The existence ofκpxq depends on: (1) the existence of CJRpxq; (2) every element j P CJRpxq being completely join-irreducible; (3) The existence of κpjq for each element j P CJRpxq; (4) the existence of the meet Ź tκpjq : j P CJRpxqu.
Extension of Kappa
In order to describe the set of torsion classes T whereκpT q is defined, we introduce the following notation. Since κ is defined for compeletely join-irreducible elements-and these are exactly the torsion classes T M where M is a brick-and since torsion classes are closed under arbitrary intersections, the set tors 0 pΛq consists of exactly all the torsion classes T such thatκpT q exists. In general, denote by f-torspΛq the set of functorially finite torsion classes over Λ, then we have the following inclusions of sets:
f-torspΛq Ď tors 0 pΛq Ď tT P torspΛq| CJRpT q existsu Ď torspΛq. The lattice tors Λ is an infinite lattice:
Denote by tR λ u the regular module k k m n , where pm : nq " λ P P 1 pkq. Consider the torsion class RYI. It has a canonical join representation Ž
and hence R Y I P tors 0 pΛqz f-torspΛq. On the other hand, consider the torsion class I. It also has a canonical join representation which is Ž tIu (join of itself ) and hence I P tT P torspΛq| CJRpT q existsuz tors 0 pΛq. At the same time, I is join irreducible but not completely join irreducible. It is easy to seeκpT Y Rq " I. However, since I is not completely join-irreducible,κpIq is not defined. Hencē κ 2 pR Y Iq is not defined.
Example 4.4.7. Let Λ " kQ be the path algebra of quiver Q : 1 Ñ 2. Because tors Λ is finite and semidistributive, each torsion class has a canonical join representation. In the introduction we computed the canonical join representation of mod Λ to be Ž taddpS 1 q, addpS 2 qu. Observe that S 1 and S 2 are the only pair of bricks which are hom-orthogonal. Indeed, hom-orthoganality characterizes which bricks can appear together in the canonical join representation of some torsion class. 
Corollary 4.4.9. Suppose that Λ be a finite dimensional algebra, and let T be a torsion class with canonical join representation Ž αPA T Mα , where tM α u is a set of bricks. Then:
We conclude this section by noting that the minimal extending modules ofκpT q are precisely bricks M α appearing in the canonical join representation of T .
Lemma 4.4.10. Let Λ be an artin algebra and tM α u αPA be Hom-orthogonal bricks.
(
(1) follows from the fact that intersection of torsion classes is a torsion class. (2) Since p´q
Proof of Theorem D
In this section, we first recall some facts about wide subcategories. Then we prove Theorem D as Theorem 5.4.1 in subsection 5.4.
Wide Subcategories.
In this section we recall the definition of a wide subcategory, and introduce two important maps between wide Λ and tors Λ. The main result is Proposition 5.2.1 which relates the simple objects of a wide subcategory and minimal (co)extending modules of an associated torsion class.
Let A be an abelian category. A subcategory D is an abelian subcategory of A if D is abelian and the embedding functor i : D Ñ A is exact. An abelian subcategory W of A is called wide if W is closed under extensions. It is well-known that the following are equivalent:
(1) W is a wide subcategory.
(2) W is closed under extensions, kernels and cokernels. (3) W satisfies the two-of-three property. i.e. Let 0 Ñ A Ñ B Ñ C Ñ 0 be an exact sequence in A. If two of three objects A, B, C belong to W, then so is the third one.
Remark 5.1.1. Wide subcategories are also referred to as thick subcategories.
The relation between wide subcategories and torsion classes is studied in [15] . Let Λ be an artin algebra. Denote by wide Λ the class of wide subcategories of mod Λ. We define maps between wide Λ and tors Λ as in [15] :
Dually, one can define maps: For a general algebra Λ, the maps α and β are not mutually inverse bijections. By restricting the domain of α to functorially finite torsion classes f-tors Λ and the domain of β to certain special subset of f-wide Λ, where f-wide Λ denotes functorially finite wide subcategories, Marks and Stovicek obtain a bijection. There are situations where all these can be proper injections (see [15, 3.4, 4.7] ). We further study these injections by restricting to τ -tilting finite algebras and to hereditary algebras. Proof. When Λ is a τ -tilting finite algebra, f-tors Λ " tors Λ is a finite set. So the composition of three injections above is an injection of a finite set to itself. Hence α is bijective.
The next Theorem, due to Ingalls-Thomas, will be useful in our proof of Theorem D. Remark 5.1.6. The result as stated in [12] describes a bijection between finitely generated torsion classes and wide subcategories. Following [12] , a torsion class T (or wide subcategory W) is called finitely generated if T " GenpM q (or W " GenpM q) for some finitely generated module M . Finitely generated wide subcategories are exactly the exceptional subcategories discussed in [18, §2.2.2] . For a wide subcategory W P wide H where the algebra H is hereditary, βpWq " Gen W [12, 2.13]. Since T is finitely generated if and only if it is functorially finite, Theorem 5.1.5 and Proposition 5.1.3 imply that finitely generated wide subcategories are exactly functorially finite wide subcategories.
The following result is due to Ringel: Recall from Theorem 4.4.8 that each canonical join representation CJRpT q " Ž iPI tT Mi u is also determined by a collection tM i u iPI of hom-orthogonal bricks. We make this connection explicit below.
Corollary 5.1.8. Let Λ be a finite dimensional algebra and let T be a torsion class in tors Λ with canonical join representation CJRpT q " Ž iPI tT Mi u. Then the set of bricks tM i u iPI is the set of simple objects in αpT q.
Proof. Proposition 5.1.7 says that W " F iltptM i u iPI q is a wide subcategory with tM i u iPI the set of simple objects. Observe that Proof. "if part": Let M be a minimal co-extending module of F . Then since HompM, F q " 0, we have M P T . Let f : T Ñ M be a homomorphism in T . We want to show that K " ker f P T . In fact, if f is not an epimorphism then image f is a proper submodule of M . Hence image f P F X T " 0 which implies ker f -T P T . Now assume f is an epimorphism. Take the canonical sequence 0 Ñ tK Ñ K Ñ K{tK Ñ 0 of K with respect to the torsion pair pT , F q. Then in the push-out diagram:
If the lower exact sequence is not split, then E P F . Then h " 0 and hence p " 0. If the lower exact sequence split, then p factors through i and therefore p " 0 again. So in both cases K -tK P T . Hence M P αpT q. All that remains is to show that M is simple in αpT q. Let M 1 P αpT q be a proper submodule of M . Then M 1 P F X T " 0. Therefore M is simple in αpT q. "only if part": Let M be a simple object in αpT q. First, since M P T , HompM, F q " 0. Second, let M 1 be a proper submodule of M . Then the torsion part tM 1 is also a proper submodule of M . Therefore, for any g :
we have kerpgq " kerpi˝gq is in T , where i : tM 1 ãÑ M . It follows that tM 1 P αpT q. Since M is simple, tM 1 " 0. Therefore M 1 P F . Last let 0 Ñ F Ñ E Ñ M Ñ 0 be a non-split exact sequence with F P F . We need to show E P F . Take the canonical sequence 0 Ñ tE Ñ E Ñ E{tE Ñ 0 of E with respect to the torsion pair pT , F q. In the pull-back diagram:
Notice that L P F . If ι is a proper monomorphism, then we have shown that N P F . Hence tE P F X T " 0 and E -E{tE P F which finishes the proof. If ι is an isomorphism, then since M P αpT q we get L P T X F " 0. Hence tE -N -M . But then the commutative diagram implies that the lower exact sequence is split, a contradiction.
5.3.
Ringel's ǫ-map. In [18] , Ringel study the perpendicular categories of wide subcategories over a hereditary algebra and its combinatorial connection with the Krewaras complement. In this section, we will show that our mapκ (defined on torsion classes) is the counterpart of taking perpendicular categories of wide subcategories under the Ingalls-Thomas bijection (see Theorem 5.4.1). Let W be a wide subcategory of mod H for a hereditary algebra H. Then it is easy to see that the subcategory Hence δ and ǫ are mutually inverse automorphisms of the poset f-wide Λ.
In the following, we will heavily use the following formulas and especially the special case for hereditary algebras [2, Proposition 3.4][3, IV 2.13, 2.14]. 
where Hom Λ pX, Y q -Hom Λ pX, Y q{P pX, Y q is the quotient space modulo morphisms from X to Y which factor through projective modules; Hom Λ pX, Y qHom Λ pX, Y q{IpX, Y q is the quotient space modulo morphisms from X to Y which factor through injective modules. In particular, when Λ is hereditary, there exist isomorphisms functorial in both variables: 
Proof. It suffice to show that αp
which is closed under extensions. So it suffice to show that each simple object in αp
Then by the assumption that X is a minimal co-extending module, we known E P F . Notice that
There is a non-zero epimorphism π : E Ñ E 0 , where E 0 P Cogen M j for some j. Claim that π˝l ‰ 0. Otherwise, π can factor through X. But then π " 0 since Hom H pX, F q " 0, a contradiction. So the composition
Since M i is a brick, the composition is indeed a split monomorphism. Hence l is a split monomorphism which is a contradiction. For torsion classes T P tors 0 Λ, ακpT q " ǫαpT q, i.e. the following diagram commutes:
On the other hand, ǫαpT q P rop. 5. ακpT q " ǫαpT q.
Remark 5.4.2. For wide subcategories W,κβpWq " βǫpWq is not always true. For example, let H be the path algebra of the Kronecker quiver and W " tall regular modulesu. One can check thatκβpWq " tall preprojective modulesu, whereas βǫpWq " 0. Proof. According to Theorem 5.1.5, it suffice to show that ακpT q " ǫαpT q is functorially finite. By Theorem 5.1.5, αpT q is functorially finite. By Lemma 5.3.3, ǫαpT q is also functorially finite. Take the brick P 3 . Since P 3 is projective, GenpP 3 q is a functorially finite torsion class. Hence T " F ilt GenpP 3 q " GenpP 3 q " addtP 3 , I 2 , I 3 u is functorially finite.
On the other hand, κpT q "
. It can be directly computed that K P 3 " Ž α‰0 F iltpGen R α q Ž F iltpGenpS 3 qq, which is not covariantly finite.
It can also be shown using Smalø [20] 's result, K P 3 is functorially finite if and only if p K P 3 q K " F ilt Cogen P 3 is functorially finite and Asai's result [2] that F ilt Cogen P 3 is not functorially finite.
Relation with AR translation
Let Λ be a hereditary algebra and δ, ǫ be the maps between wide subcategories defined before. Ringel [18] describes the map δ 2 using the so called extended Auslander-Reiten translation: Definition 6.0.1. Defineτ to be a permutation of indecomposable Λ-modules as follows:τ X " # τ X X not projective IpSq X " P pSq Theorem 6.0.2. Let Λ be a hereditary algebra and W P f-wide Λ. Then δ 2 W " τ W.
Here, we give a similar result for torsion classes using ourκ map. Proof. The functorially finiteness ofκ 2 pT q follows from Corollary 5.4.3. Now assume M i 's are all non-injective. Then according to Theorem 5.4.1 ακ 2 pT q " ǫ 2 αpT q " ǫ 2 F iltptM i uq "τ´1F iltptM i uq. Since M i 's are non-injective, F iltpM i q contains no injective modules. Thereforē τ´1 " τ´1 : F iltptM i uq Ñτ´1F iltptM i uq is an equivalence, hence preserving simple objects. Soτ´1F iltptM i uq " F iltptτ´1M i uq.
Using Ingalls-Thomas bijection,κ 2 pT q " Ž F ilt Genpτ´1M i q.
Remark 6.0.4. Let Λ be a hereditary algebra and I be an indecomposable injective module. Then for the functorially finite torsion class T " F ilt GenpIq " GenpIq, κ 2 T " F ilt Genpτ´1Iq. However, Corollary 6.0.3 does not always hold if some M i 's are injective:
Let Λ " kQ be the path algebra with Q " 3 Ñ 2 Ñ 1. Take T " F ilt GenpS 2 q Ž F ilt GenpS 3 q, thenκ 2 pT q " F ilt GenpP 2 q Ž F ilt GenpS 3 q, where P 2 ‰τ´1S 2 ,τ´1S 3 .
Appendix
We show some minor results which we obtained during our study of the perpendicular categories in previous sections. 
